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Previous studies of streamer discharge branching mechanisms have mainly been generative other
than predictive. To predict or even control branching, a reliable connection between experimental
conditions and streamer branching needs to be established. As an important step toward the goal,
in this work, a 2D deterministic model of negative streamers in air is numerically solved with the
ionization seeds assumed as the superposition of Gaussians. The “indicative profiles approach” de-
veloped here can consistently relate the change in a quantitative measure of geometrical irregularity
of the seed profiles with specific electron densities to the emergence of front splitting of streamer
discharges under various voltages, seed characteristic sizes, and preionization levels. The results of
this study could inform experiments to identify and clarify streamer branching mechanisms.
Streamers refer to a class of electrical discharges prop-
agating as weakly-ionized, cold plasma filaments driven
by the strong electric fields at their fronts [1]. Due to
the unique properties of cold plasma, streamer discharges
have been extensively applied to various technological
fields such as decontamination and sterilization [2], ma-
terial processing [3], plasma medicine [4], aerodynamic
flow control [5], and ignition and combustion [6]. Stream-
ers are also the building blocks of many natural phe-
nomena, from the inception and propagation of light-
ning flashes during a thunderstorm [7, 8], to other less
commonly known discharges in upper atmosphere like
red sprites and blue jets [9, 10]. In the last few years,
although significant advancements have been made to
elucidate physical mechanisms (e.g., [11, 12]), explore
new phenomena (e.g., [13–15]), and develop numerical
models (e.g., [16–20]) of streamer discharges, there are
still some fundamental questions of streamers that need
further clarification, including, for instance, the interac-
tion among a cluster of streamers and its effects [21–24].
3D simulations of the interation of two streamers have
been reported in [21, 24], which discussed the two com-
peting processes: electrostatic repulsion and tendency to
merge due to nonlocal photoionization. Given the high
computational costs of 3D simulations, studies have also
been conducted in 2D Cartesian coordinates to derive
the merging criteria for two interating streamers under
various conditions [22] and show the slower propagation
in the case of multiple streamers neglecting photoioniza-
tion [23]. These works assume that there is well-defined
initial separation between streamers, while in reality the
interacting streamers most likely emerge or branch from
the same discharge front. Therefore it is necessary to illu-
minate the front splitting process which sets stage for the
subsequent streamer interactions. This intersects with
another challenge in streamer discharge physics, i.e., the
mechanisms of branched pattern formation [25].
The complex, branched patterns of electrical discharge
can be generated by fractal growth models such as Dielec-
tric Breakdown Model (DBM, [26]) and applied to prac-
tical engineering fields like lightning protection [27, 28].
This approach, however, does not address the physical
causes and processes of branching. Analyses of simpli-
fied, deterministic streamer models neglecting photoion-
ization [29–32] indicate that branching is a manifest of
Laplacian instability which involves a positive feedback
of local curvature increase on the discharge front. It has
been shown that branching follows the flattening of dis-
charge front when the electric field maxima move away
from the tip [33]. Photoionization, expected to offset or
delay Laplacian instability in the deterministic branching
mechanism, could be very important and sensitive in our
case of the very early stage of discharge front splitting.
To see this, one must solve the full model numerically.
On the other hand, the numerical modeling approach
has helped to identify several branching mechanisms of
stochastic nature. For example, based on fluid models
of streamer, it has been demonstrated that fluctuations
in medium density [34] or charge carrier density [35] can
result in branching. The development of particle and
hybrid models (e.g., in [36, 37]) enables simulations of
streamer branching in which the randomness of electron
collisions is modeled using Monte Carlo method and ad-
ditional inhomogeneities are inherited from sampling the
distributions of particle initial states. These stochastic
factors generally accelerate streamer branching by creat-
ing geometrical irregularities of the discharge front which
may then overcome the “mixing” effect of photoioniza-
tion and undergo amplification via Laplacian instability.
It would be beneficial to know more details on the types
and features of these irregularities that cause streamer
branching, which could enable the prediction of branch-
ing from known geometrical features and experimental
conditions, as well as the verification of branching mech-
anisms in specifically-designed experiments.
Due to the strong nonlinearity and computational com-
plexity of the problem, little work has been devoted to
quantitative characterization of the geometrical irregu-
larity and its consistent connection with streamer branch-
ing. This Letter, based on systematic simulations of
the propagation, branching, and interaction of anode-
directed streamers in air, demonstrates an approach that
ar
X
iv
:1
81
0.
01
30
5v
1 
 [p
hy
sic
s.p
las
m-
ph
]  
2 O
ct 
20
18
2reliably relates the shape of ionization seed profiles to
the emergence of front splitting. Traditionally, to sim-
ulate streamer discharge using fluid models, it is as-
sumed that there exists an initial ionization zone (seed)
where the spatial distribution of electron density is Gaus-
sian [29, 38, 39]. In the context of lightning, hyperbolic
tangent function has been used to describe seed densi-
ties [33]. However, the simple geometry of ionization seed
profiles in the previous studies (usually part of an ellip-
soid centered at the peak electric field point) may devi-
ate noticeably from realistic scenarios like those shown in
Fig. 1(a), which in this work will be approximated as the
superposition of two Gaussian ionization seeds. When
they are far apart, we can observe the interaction be-
tween two streamers; when they heavily overlap, we can
study how irregularities in seed profile lead to streamer
front splitting. A scrutiny of the latter also bears impor-
tance in providing insights into streamer discharges from
complex or engineered electrode surfaces, which in turn
might inform the design of experiments to identify or dif-
ferentiate the aforementioned branching mechanisms.
FIG. 1: (a) Examples of rough electrode surfaces that may in-
troduce geometrical irregularities in ionization seed profiles: (1)
neighboring protrusion pairs, (2) two sharp edges of a tip; (b) The
profiles (contours) of an ionization seed with the distance between
two Gaussian centers 2x0 = 0.95 mm and various electron densi-
ties; (c) The relationship between y0/ymax and 2x0 for different
electron density profiles.
Our simulation framework is as follows. In 2D Carte-
sian coordinates, a planar anode (applied voltage +U) is
located at y = 10 mm and a planar cathode (grounded)
at y = 0. The initial ionization seed on the cathode
surface is set as follows: ne(x, y)|t=0 = np(x, y)|t=0 =
n0 exp[−(x−x0σx )2 − (
y
σy
)2] + n0 exp[−(x+x0σx )2 − (
y
σy
)2],
where ne and np are the number densities of electrons
and positive ions, ±x0 are the x coordinates of the two
Gaussian centers, n0 = 2×1019 m−3 indicates the preion-
ization level, and σx and σy are the characteristic sizes
of each Gaussian in x and y directions. Fig. 1(b) plots
the ionization seed profiles with σx = σy = 0.45 mm and
2x0 = 0.95 mm. As the corresponding electron density
increases, the profile gradually shrinks from one (approx-
imate) semicircle to two semicircles. For any given elec-
tron density, if raising 2x0, the profile also has a similar
transition. Two important quantities during this process
are: the y coordinate of the point with x = 0 on the pro-
file, denoted by y0, and the maximum y value of all points
on the profile, denoted by ymax. Fig. 1(c) shows the ratio
y0/ymax as functions of 2x0 for various electron densities
of the profile. With 2x0 increasing from 0, y0/ymax starts
decreasing from 1 at 2x0 = 0.6 ∼ 0.8 mm and eventually
turns to 0 when the profile has split into two separate
lobes. The lower the electron density, the slower the de-
crease of the ratio and the larger the critical 2x0 at which
y0/ymax just reaches 0. To explore the implications of
these critical values of 2x0 and the associated electron
densities, this work uses COMSOL Multiphysics Plasma
Module to model and simulate the streamer dynamics.
The governing equations of the streamer model are based
on the drift-diffusion-reaction of electrons and positive
and negative ions coupled with electrostatic field [40].
We study streamers under standard atmospheric pres-
sure in air (simplified as the N2/O2 mixtures with the
volume fraction ratio 8 : 2). Following [40], 7 particles
(electrons e, N+2 , O
+
2 , N
+
4 , O
+
4 , O2N
+
2 , O
−
2 ) and 15 re-
actions are taken into account. The calculation of the
photoionization term is based on the three-term expo-
nential Helmholtz model developed in [41] and more re-
cently used by [42]. In the simulations, the size of the
problem domain is 1.0×1.0 cm2, the finest mesh size (on
and near the symmetric axis x = 0) is set as 0.2 µm,
and the total number of elements is in the order of 106.
The computational platform has an Intel Core i7-7500U
processor with 16 GB RAM. The typical run time is 20 h
for the simulation of a streamer propagating for 10 ns,
an example of which is presented in Fig. 2.
(a) (b)
FIG. 2: Representative simulation results of streamer discharge
with U = 36 kV and 2x0 = 0.76 mm. (a) Electron density distri-
bution at t = 10 ns when the discharge front has clearly splitted
and at t = 12 ns when the splitted fronts have merged again. (b)
Electron density along the x = 0 line at different instants.
In Fig. 2, the average streamer propagation speed (in
12 ns) vave = 0.64 m/µs is within the range of observed
results [1], and the electron density profiles are consistent
with previous studies [40]. From t = 10 ns to 12 ns, the
two splitted discharge fronts are merging (see Fig. 2(a)),
3which is also reflected in Fig. 2(b) as the rapid increase
of electron density at the x = 0 tip of the streamer after
t = 10 ns. The merging can be attributed to the intensi-
fied tip field as the it approaches the cathode (at y = 10
mm). The increase in the electric field promotes both
reactions which contributes to higher electron densities
and photoionization which strengthens the tendency of
front merging [21]. This in turn further increases the
electric field at the streamer tip. If the cathode is very
far away (keeping background field the same), it would
be expected that merging after t = 10 ns becomes less
probable since the tip field does not get such boost from
the cathode. In view of this, we limit the scope of this
study to the emergence of front splitting while neglect-
ing the subsequent developments, i.e., ending simulation
once streamer front advances for ∼6 mm or 60% of the
gap length. To probe front splitting, Fig. 2(b) actually
gives a hint. Comparing the electron density profiles at
t = 8 ns and 10 ns, one can see that the peak density
decreases by about 10%, which reverses the trend from
t = 2 ns to 8 ns and is concurrent with the splitting of
the front into two heads, each with a center of maximum
electron density that moves away from the x = 0 axis.
Therefore, this can be used as a criterion to determine
whether and when the front splitting comes into play.
FIG. 3: Simulation of streamers with U = 36 kV and various
2x0’s from 0 to 10 mm. (a∼j) Electron density distributions at
t = 10 ns. (k) Average streamer speed (in 10 ns) v0 vs 2x0.
Fig. 3 aims to show the effect of 2x0 on streamer dy-
namics under U = 36 kV. The electron density distribu-
tions at t = 10 ns in Figs. 3(a)∼(j) indicate that there
exists a threshold of 2x0 below which only one streamer
with non-branched front will develop from the super-
posed Gaussian seeds. The case of 2x0 = 0, actually with
only one Gaussian seed, serves as the reference group
(Fig. 3(a)). When 2x0 is small (Figs. 3(b,c)), no front
splitting occurs, while the streamer spreads more in the
x direction. When 2x0 reaches the threshold (0.76 mm
in this case), a lower electron density cleavage emerges
near the symmetric axis (x = 0) of the discharge front as
the indicator of front splitting (Fig. 3(d)). When 2x0 in-
creases to around 1 mm (Fig. 3(e)), the front splitting is
more clearly-defined and fully-developed, but extending
simulation to 12 ns yields merging results similar to Fig.
2(a). By further increasing 2x0 to 1.4 mm, the two ini-
tial Gaussian seeds are essentially well-separated, which
turns the problem into that of two interacting streamers.
Due to electrostatic repulsion, the two streamers form
an angle as they advance and will not merge at a later
time, which resonates with the conclusions in [24]. Our
result is also in good agreement with the merging criteria
proposed in [22], i.e., the ratio between the characteristic
width of streamers and their mutual distance needs to be
below 0.4 to avoid merging. In Figs. 3(e) and (f), the
characteristic width of streamers is 0.8 mm, while the
mutual distance is 2.0 mm (former) and 2.4 mm (latter).
The ratio is therefore 0.4 in Fig. 3(e) and 0.33 in Fig.
3(f) (even lower in Figs. 3(g)∼(j)). This helps to under-
stand why there is no merging in the latter cases. When
2x0 exceeds 4 mm (e.g., Fig. 3(h)), the effect of repul-
sion is no longer obvious, and both streamers propogate
in parallel toward the cathode. However, the interaction
between streamers tends to slow down the propagation,
as can be seen by comparing Fig. 3(h) with Fig. 3(j)
in which the interaction is negligible since each of the
two streamers has almost the same behavior as the sin-
gle streamer in Fig. 3(a). This observation is consistent
with [23] which did not consider photoionization; so one
may conjecture that it is an electrostatic field effect.
The effect of 2x0 on streamer propagation speed (av-
eraged in the first 10 ns) v0 can be found in Fig. 3(k). In
addition to the similarity between 2x0 = 0 and 2x0 = 10
mm cases that we have just seen, there are 3 critical 2x0
values that demand attention. First, as 2x0 passes 0.5
mm, the dependence of v0 on 2x0 switches abruptly be-
tween insensitive and highly sensitive. Second, at around
2x0=2 mm, v0 hits the lowest point. It is clear that the
front splitting threshold (0.76 mm) is neither the 2x0 cor-
responding to the extreme speeds nor the 2x0 at which
v0 begins to decrease rapidly. And thirdly, the decrease
rate of v0 starts to decline somewhere between 2x0=0.7
mm and 0.8 mm, the range in which the front splitting
threshold falls. However, with limited data, it is practi-
cally difficult to accurately locate this inflection point.
4FIG. 4: Simulated electron density distributions of streamers with different Gaussian seed distances (2x0) under three different voltages:
U = 32 kV (top row, simulation time 14 ns), 36 kV (middle row, simulation time 10 ns), and 40 kV (bottom row, simulation time 7.5 ns).
The tendency of front spilitting is greater with larger 2x0’s or under lower voltages. Using the criterion demonstrated earlier in Fig. 2(b),
we determined the critical 2x0’s for front splitting as: 0.74 mm for U = 32 kV, 0.76 mm for U = 36 kV, and 0.80 mm for U = 40 kV.
It is therefore natural to relate the threshold of 2x0 for
front splitting to a better indicator than streamer speed.
We have shown in Fig. 1(c) that there are a set of critical
values of 2x0 at which y0/ymax drops to 0. These 2x0’s
are solely determined by the ionization seed profiles and
adjustable over a fairly wide range by varying electron
densities. Using 2x0 as intermediary, it would be of great
interest to establish the connection between seed profile
and front splitting. For this purpose, we first extend
the streamer simulations in Fig. 3 to more cases with
U = 32 kV and 40 kV, the results of which are presented
in Fig. 4. If increasing 2x0 under the same voltage,
similar phenomena to what has been discussed above can
be observed. Under higher voltages, the streamer front
starts to split at larger 2x0’s, i.e., the critical values of 2x0
increases with U (0.74 mm for U = 32 kV, 0.76 mm for
U = 36 kV, and 0.80 mm for U = 40 kV). This indicates
that higher voltages or electric fields are more able to
hold the streamer front (developed from two overlapped
Gaussian seeds) together. A possible explanation is that
photoionization is more prominent under higher voltages
and suppresses the geometrical irregularity of the front.
In addition, higher voltages will speed up the streamer
propagation, which is also considered as unfavorable for
front splitting or streamer branching.
Now, our attention turns to the quantitative charac-
terization of the ionization seed profiles illustrated in
Fig. 1(c). On the horizontal axis of Fig. 1(c), if we locate
the 3 critical values of 2x0 identified in U = 32 kV, 36 kV,
and 40 kV cases, the electron densities of the seed pro-
files corresponding to these critical 2x0’s are 2.00× 1019
m−3, 1.88 × 1019 m−3, and 1.76 × 1019 m−3, respec-
tively. Hereafter, the seed profiles associated with these
specific electron densities will be referred to as indicative
profiles. In other words, one may observe the change in
the shape of the indicative profiles, as the Gaussian seed
distance 2x0 increases from 0. Once 2x0 arrives at the
corresponding critical value, the indicative profile turns
into two semicircles and the front starts splitting into
two lobes. In this way we have related the geometric ir-
regularity of ionization seed profile to the front splitting
of streamer discharge. The higher the applied voltage
is, the lower the electron density of the indicative profile
would be. This accords with the physics intuition that
applied voltage (or electric field) and preionization level,
within certain limits, are two complementary factors in
determining the dynamics of streamer discharge.
A further discussion on the applicability or valid pa-
rameter range of the indicative profile approach is given
as follows. First, we consider the cases with various char-
acteristic sizes (σx = σy = σ) of the ionization seed.
Since no change is made to the preionization level n0,
it is expected that the same set of electron densities of
indicative profiles as those identified in the previous para-
graph will also apply here. Note that after changing σ,
y0/ymax as functions of 2x0 will be different, even for the
same electron density. The results in Fig. 5 (left column)
clearly show that with the increase of σ, the indicative
profiles as well as the critical values of 2x0 for front split-
ting shift to the right, i.e., the two Gaussian seeds need
to be separated at larger distances for front splitting to
occur. Then extensive simulations are run to check the
validity/accuracy of the above method. In these cases we
keep 2x0 = 1 mm and choose σ in the range of 0.45∼0.65
5mm (increment 0.02 mm). Selected results of the simu-
lated electron density distributions are presented in Fig.
5. It is discovered that when σ is below 0.55 mm, un-
der all three voltages there is front splitting; when σ is
0.55 mm and 0.57 mm, front splitting happens under two
lower voltages; when σ is 0.59 mm and 0.61 mm, front
splits only under 32 kV; when σ is above 0.61 mm, there
is no front splitting at all.
FIG. 5: Simulation of streamers with different characteristic sizes
of Gaussian seed, σ = 0.45 mm (Row 1 from top), 0.55 mm (Row
2), 0.59 mm (Row 3), and 0.63 mm (Row 4). The 1st column
[(a)(e)(i)(m)] presents quantitative characterization of indicative
profiles for U = 32 kV, 36 kV, and 40 kV. The critical 2x0’s for front
splitting are at the intersections of these curves with the horizontal
axis. The 2nd to 4th columns are the electron density distributions
of streamers with 2x0 = 1 mm under 3 voltages.
As show in Fig. 5, when σ = 0.45 mm, under all
three voltages, 2x0 = 1 mm exceeds the critical value for
front splitting (Fig. 5(a)), which is cross-checked by the
splitted streamers in Figs. 5(b)∼(d). At σ = 0.55 mm,
2x0 = 1 mm is greater than the critical values under
32 kV and 36 kV and very close to the one under 40
kV (Fig. 5(e)). In Fig. 5(h), the discharge front of the
streamer is not as clearly splitted under 40 kV as those
under 32 kV and 36 kV (Figs. 5(f) and (g)). In Fig. 5(i),
when σ = 0.59 mm, 2x0 = 1 mm is only above the critical
value under 32 kV. Correspondingly, only the streamer
under 32 kV has front splitting (Fig. 5(j)), while the
other two maintain an integral front (Figs. 5(k) and (l)).
In the case of σ = 0.63 mm, 2x0 = 1 mm falls below
all three critical values (Fig. 5(m)) and there is no front
splitting for any of the three streamers (Figs. 5(n)∼(p)).
Moreover, we find out that under the same voltage, there
is a simple linear relationship between the critical 2x0
and σ (at least in the range of 0.45∼0.65 mm). For ex-
ample, under 40 kV (32 kV), the ratio of critical 2x0 to
σ is 0.8/0.45≈1.8 (0.74/0.45≈1.6). Now that the actual
2x0=1 mm, then σ should not exceed 1/1.8≈0.56 mm
(1/1.6≈0.62 mm) for the emergence of front splitting.
These estimations are consistent with the results in Fig.
5. The minor discrepancy may have resulted from the
relatively large increment (0.02 mm) when scanning the
range of σ. Therefore, the determination of critical values
of 2x0 from indicative profiles can serve as a consistent
and simple tool for the prediction of front splitting in
streamer discharges. In principle, this conclusion holds
for various preionization levels or n0’s (as long as the
streamer simulation still has good convergence and sta-
bility). It is needed to select different sets of indicative
profiles associated with appropriate electron densities.
So far we have only discussed the cases with two identi-
cal Gaussian seeds. There would be two challenges when
applying the approach demonstrated before to the cases
of two Gaussian seeds with either different σ’s or different
n0’s. Firstly, if one seed has a σ or n0 that is significantly
higher (> 1.5 times) than the other, our simulations in-
dicate that the streamer developed from this seed will
dominate the process; in most cases the weaker streamer
would simply become part of the dominate one during
very early stage of development (< 2 ns). No front split-
ting occurs. Secondly, even if the values of σ and n0 of
the two seeds are close, due to the asymmetry, we cannot
define y0/ymax as easily as in Fig. 1(b). Hypothetically,
one can still try some alternative measures of the ioniza-
tion seed profiles in certain scenarios, which, however, is
beyond the scope of this study.
In summary, we have performed 2D simulations of neg-
ative streamers in air using COMSOL Multiphysics with
a focus on the effect of the geometrical irregularity of
the ionization seed on the front splitting of the streamer
discharge. Specifically, we consider the cases in which
the ionization seed can be modeled as the superposi-
tion of two identical Gaussians separated at distance 2x0.
When the two Gaussians are heavily overlapped, we use
a ratio y0/ymax to quantitatively characterize the geo-
metrical irregularity of the ionization seed profiles (In
an approximate sense, 1 means one semicircle, 0 means
two separate semicicles, while the ratio between 1 and
0 means seed profiles with large geometrical deviations
from regular semicircles). By equating the critical 2x0
for front splitting to the 2x0 at which y0/ymax just drops
to 0, one can identify indicative profiles with correspond-
ing electron densities. These indicative profiles can be
applied to cases with various characteristic seed sizes
(σ) and preionizaion levels (n0) to predict if front split-
ting is likely to occur. Although it is well-accepted that
irregularly-shaped discharge fronts and ionization seeds
may cause branching, this work makes significant con-
tributions to the field via a systematic and quantitative
investigation of geometrical irregularity, front splitting,
and their connections. More numerical studies can be
6conducted in 3D to further verify our conclusions. It is
also interesting to see the differences made after stochas-
tic factors are added to the model, which might inform
the modification of the indicative profiles method to take
into account randomness in the process. On the other
hand, interestingly, our work may also have experimen-
tal implications. Assuming the technology is ready for
the detection and imaging of ionization seed profiles cor-
responding to certain electron densities, and specifically-
designed electrode surfaces are used to create desired ion-
ization seeds, we would be able to not only identify and
test the streamer branching mechanisms, but also reliably
predict and even control the streamer front splitting for
some important applications such as material processing.
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